This study is concerned with a general perturbation method for the quantitative analysis of one degree-of-freedom nonlinear oscillators governed by the equations of motion that contain a coefficient of the nonlinear term which need not be small. Four classes of conservative oscillators with odd restoring forces are considered simultaneously: purely nonlinear, bistable, hardening and softening. By introducing a new small parameter as a function of the original parameter of nonlinearity, power of nonlinearity and the amplitude, the original equations of motion are transformed into the perturbed equation of motion of a linear oscillator, but its frequency depends on three parameters mentioned previously. Approximate solutions obtained for the frequency of vibration and periodic motion around the origin are compared with other available analytical and numerical results and good accuracy is demonstrated.
Introduction
Nonlinear oscillators can be categorized as weakly or strongly nonlinear. Weak nonlinearity is associated with the existence of a small coefficient of the nonlinear term 1 , although some authors argued that this is not always enough, but one needs to consider the influence of the initial conditions/amplitude as well 2 . The influence of weak nonlinearity is quantified by considering it as the perturbation of the corresponding linear oscillator. There are numerous perturbation techniques, but not all of them give uniformly valid solutions, and modifications have been developed to avoid these shortcomings 1 . Some techniques, such as the equivalent linearization method 3 and the method of harmonic balance 1 , have been developed for both weakly and strongly nonlinear systems, but their feature is that the form of the solution needs to be specified in advance. When dealing with strongly nonlinear systems, several strategies exist. The first one is to construct new 4 or use the existing special functions 5 that depend on the type of nonlinearity. However, these functions are still considered to be more difficult to work with than trigonometric functions, although this work can be considerably simplified, accelerated and made to be more efficient if computer algebra and symbolic software are used. The second strategy is to rescale the displacement appropriately, introducing the small parameter into the equation of motion 1 . This sometimes also requires anticipating the rescaling of other parameters, such as damping parameters or excitation amplitudes. The third strategy is to introduce a new small parameter, transferring the original equation of motion into the perturbation of a linear oscillator 2, 6, 7 . This study is aimed at contributing to this strategy, but its additional benefit is that it will be developed in a way that enables one to treat a wide class of archetypical oscillators in a unique way: purely nonlinear, bistable, hardening and softening. Section 2 presents the main idea of the approach by applying it to the classical Duffing oscillator. The extension to the conservative case with all four types of oscillators listed is given in Section 3. Note that this paper contains considerations of free conservative systems only, but the method presented is applicable to other cases as well, such as dissipative externally excited oscillators 8 .
Demonstration of the main idea: application to Duffing oscillators
Let us consider Duffing oscillators modelled by the following equation of motion and initial conditions:
where x is a non-dimensional displacement; overdots denote differentiation with respect to non-dimensional time t; is a positive non-dimensional coefficient of nonlinearity that does need to be small; a is the initial amplitude (this value can be made equal to unity by performing appropriate non-dimensionalisation, but it is kept in a general form here for the sake of a clear presentation of the approach). Of interest is to find a solution for periodic motion around the origin for any value of the parameter , making this equation suitable for the application of perturbation techniques and developing a uniformly valid expansion for t x . To accomplish this, a new small parameter p needs to be introduced and is assumed in the following form 9 : a , which makes it suitable for a new perturbation parameter. Equation (2) yields the following expression for the parameter of nonlinearity :
To applz the Lindstedt-Poincaré method, new time is introduced as t , with being the square root of the unknown frequency expanded in power series in p as follows:
where 1 and 2 will be selected in the subsequent procedure to eliminate secular terms. By using Eqs. (3) and (4), Eq. (1a) transforms into:
The right-hand side appears now as the perturbation of a linear oscillator (note that the appearance of the cubic term with a coefficient that is not small does not violate the perturbation scheme as its first Fourier coefficient cancels out with the term in front of it of the same order, which will be demonstrated subsequently). To find its solution for motion, the displacement is expanded in power series in p :
Substituting Eq. (6) 
It is obvious that for the secular terms to be removed in Eq. (8), the following must be satisfied , 0 1 as no other secular terms appear. In addition, as noted in the parentheses after Eq. (5) 
Comparisons of these solutions with those obtained by solving the equation of motion (1a-c) numerically are plotted in Fig. 2 . It is seen that the solutions agree very well. 
Generalisation
Equation (1) is generalized now to the model: 
Substituting Eq. (6) The solution of Eq. (18b) satisfying the initial condition is
The expression for 2 that removes the secular terms on the right-hand side of Eq. (18c) 
Comparisons
To investigate the accuracy of the approximate solution obtained, this solution is compared with the numerical solution of Eqs. (14a-c) for all four types of oscillators, and plotted in Fig 3 ( in some cases, the parameters were chosen to result in the periodic response around the origin, i.e. not around possible nontrivial equilibria). It is seen that numerical and analytical solutions match well.
Conclusions
To extend the range of the validity of perturbation expansions to strongly nonlinear oscillation with one degree-offreedom systems and different types of odd restoring force, an approximate quantitative technique is presented. It involves introducing a new ordering parameter. A systematic procedure is shown how this can be done in a unique way for purely nonlinear, bistable, hardening and softening oscillators with odd restoring forces. Consequently, strongly nonlinear systems are transformed into the perturbed equation of motion of a linear oscillator with respect to this new ordering parameter. It is validated numerically that the method works well for four types of conservative systems, while recent results extended the applications to the steady-state principal resonance response of nonconservative, externally excited oscillators 8 . Further work is foreseen regarding a wider range of applications, such as subharmonic and superharmonic responance responses as well the response of nonlinear oscillators exhibiting limit cycles 
